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Table 2 Sail lightness 3 as dependent on
vertical displacement above ecliptic pole, z, and
horizontal displacement from ecliptic pole, p

2, AU p. AU B
0.2 0.9 0.43
0.5 0.5 0.88
0.7 0.3 0.97
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Fig.2 Four-segment transfer to Earth synchronous 0.5 X 0.5 AU, one-
year NKO launched 29 July 2001.
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stages of the transfer, the thrust was directed mostly in the opposite
direction to the velocity vector; for the intermediate stage, the thrust
is an almost entirely out-of-plane.

Conclusions

A trajectory optimization tool has been developed which hy-
bridized a GA with SQP. When applied to the difficult problem of
preliminary mission planning for high-performancesolar sail trans-
fers to displaced NKOs, it appeared to identify near-optimal tra-
jectories with relative ease. The transfer time penalties (estimated
from transfer time convergence as the number of segments was in-
creased) appear acceptable even for a small number of segments
(four or five). A small number of segments reduced the computa-
tional burden imposed by using a GA and would simplify attitude
control in practice.
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Optimal Earth-Capture Trajectories
Using Electric Propulsion

C. A. Kluever*
University of Missouri-Columbia,
Columbia, Missouri 65211

Introduction

ITH the success of Deep Space 1, electric propulsion (EP)

has become a viable propulsion option for performing inter-
planetary space missions.' One potential interplanetary application
of EP is for the Earth-return leg of a sample return mission.” In
this scenario, EP would eventually perform the capture maneuver
from hyperbolic approach to a closed Earth orbit. It appears that
researchinvolving optimal EP capture trajectories, especially trans-
fers involving hundreds of orbital revolutions, is somewhat limited.
Battin® presented a feasible scheme for performing capture trajec-
tories into a low lunar orbit with a variable low-thrust engine. Re-
cently, Vadali et al.> demonstrated a Lyapunov feedback control
law for performing a low-thrust capture into a high-altitude Earth
elliptical orbit. In this Note, a new approach for computing optimal
Earth-capture trajectories is presented. This approach joins numer-
ically integrated trajectories with curve fits of universal low-thrust
solutions to represent efficiently and accurately the complete cap-
ture phase. Numerical results are presented for minimum-propellant
trajectories.

System Model

The Earth-capture trajectory is governed by the following
dynamic equations:

F=v o))
i= - e tar @)
,
—2nP
i = =1 3
(81y)

where r and v are the position and velocity vectors of the spacecraft
in an Earth-centered inertial (ECI) Cartesian frame, u is the Earth
gravitational constant,a p is an acceleration vector due to perturba-
tions, and a7 is the thrust acceleration vector. Equation (3) defines
the mass loss due to the low-thrust engine where m is spacecraft
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mass, P is input power to the EP system, 7 is engine efficiency, g is
Earth gravitational acceleration, and I, is specific impulse. Pertur-
bation vectora in Eq. (2) accounts for Earth oblateness (J,) effects
and lunar and solar gravitational acceleration. Thrust acceleration
ar in the ECI frame is calculated by transforming the thrust ac-
celeration components in a local-verticaldocal-horizontal (LVLH)
frame:

sin 817 “)

ar = [sinazcosB cosacosp

81sp
Thrustdirectionin the LVLH frame is defined by the pitch« and yaw
B angles. Pitch is measured from the local horizon to the projection
of the thrust vector onto the orbit plane, and yaw is measured from
the orbit plane to the thrust vector.

The initial phase of the Earth-capture trajectory is computed
through direct numerical integration of Eqgs. (1-3) with a fixed-
step, fourth-order Runge-Kutta method. However, the latter phase
of the capture will involve hundreds of orbital revolutions before
the spacecraft spirals down to the desired low-Earth-target orbit.
Utilizing curve fits of low-thrust solutions eliminates the signif-
icant computational burden of computing the latter spiral stage.
Perkins* developed universal solutions for low-thrust planar spi-
ral transfers with a constant, continuous thrust force aligned with
the velocity vector, that is, tangent steering. Defining the cen-
tral body gravitational parameter, initial circular orbit radius, and
thrust-to-weight ratio scales these dimensionless universal solu-
tions. Perkins’s solutions for dimensionless velocity magnitude V,
flight-path angle y, and dimensionless time parameter 7' are pre-
sented in Fig. 1 with dimensionless radial distance R as the in-
dependent variable. Following Perkins,* the dimensionless radius
Ris

R = (rspiral/rc)f% (5)

where rgir is the radial distance on the unwinding spiral, 7. is the
initial circular radius, and f is the thrust-to-weight ratio. Dimen-
sional values of velocity magnitude and spiral time to the point on
the unwinding (or, inward winding) spiral can be computed from
the interpolated values of V and T (which are obtained from curve
fitting Fig. 1):

Uspiral = Vo, f% (6)
toira = (T + £~ —0.809) (r/v.) £~ )

Dimensionlesstime parameter, T = fyyira — Lescape 1S the time beyond
local escape conditions. The dashed vertical line in Fig. 1 indicates
the universal values of dimensionless radius R, velocity V, and
flight-path angle y for escape conditions, that is, T = 0. Flight-path
angle on the spiral yyira is obtained by simply curve fitting the data
in Fig. 1 with R as the independentvariable. If an inward (capture)
spiral trajectory is desired, then the flight-path angle from the curve
fit is set as a negative value.
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Fig. 1 Universal low-thrust trajectory parameters using Perkins’s*
approximation.
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Trajectory Optimization
The optimal control problem for the Earth-capture maneuver is
stated as follows: Obtain the optimal pitch and yaw steering angles
a*(t) and B*(t), for 0 <t <1, and the simulation end time #;, that
minimize the performance index
_ 2nP
(81p)?

subject to Egs. (1-3), with initial conditions

(tl + tspiral) (8)

r(0) =ro, v(0) = v, m(0) = mo C))
and the constraints
V(1) — Vgpirat = 0 (10)
7 () = Vspira = 0 an
i(t)) —igo =0 (12)

The goal is to minimize the total propellant mass required for the
low-thrust transferto the desired low Earth orbit (LEO). Inward spi-
ral time i is computed using Eq. (7), once T is obtained from
curve fitting Fig. 1 with R determined by Eq. (5) and 7y =7 (2).
Constraints (10) and (11) enforce a match between the end of the
simulated trajectory and curve fits of the inward-spiral velocity
[Eq. (6)] and flight-path angle, respectively. Constraint (12) re-
quires that the orbital inclination i(#;) at the end of the numeri-
cally simulated capture match the desired inclination of the LEO
(recall that Perkins’s* universal solutions are for planar transfers
only).

Numerical solutions of the minimum-propellantproblem are ob-
tained by using a direct trajectory optimization method. The optimal
control problem is replaced by a nonlinear programming problem,
which is solved by using sequential quadratic programming (SQP),
a constrained parameter optimization method. The SQP code used
here is NPSOL,which uses finite differences to compute gradient
information Time histories of pitch and yaw angles are parameter-
ized by linear interpolation through a set of discrete nodes equally
spaced along the time axis, 0 <t < ;. Therefore, the pitch and yaw
controlnodes and end time #, are the NPSOL optimizationvariables.
Three NPSOL equality constraints enforce trajectory constraints
(10-12).

Results

The initial condition for the Earth-capturetrajectoryis taken from
the latter stage of a minimum-propellantMars-Earth transfer, which
could be the return phase of a low-thrust sample return mission. Ini-
tial Earth-relative r and v vectors (for the Earth capture problem)
are determined by subtractingthe Earth’s positionand velocity vec-
tors from the spacecraft’s heliocentric position and velocity vectors
near the end of the Mars-Earth trajectory. The initial Earth-relative
state is ro=[—1.9376(10°) —9.6272(10°) —1.0861(10°)]” km
and vp =[0.1924 0.6384 0.6866]" km/s, respectively, that place
the spacecraft beyond the fictitious sphere of influence. Calendar
datefor thisinitial conditionis 18 August2014,and theinitial orbital
eccentricity and inclination are e = 1.0123 and i = 53.28 deg, with
respect to the Earth. Initial flight-path angle is yy = —85.79 deg,
for a nearly radial descent trajectory. Initial spacecraft mass is
my =315 kg. A 500-km altitude circular LEO with 28.5-deg in-
clination is the desired target orbit. The constant spacecraft system
parameters are P =3 kW, n=0.68, and /;, =3800 s, which repre-
sent the current level of solar EP technology.

The optimal capture is obtained with NPSOL with a total of 33
optimization variables: 21 discrete control nodes for the pitch steer-
ing program, 11 nodes for yaw, and 1 optimization variable for
simulation end time #,. Minimum propellant mass is 62.1 kg, and
the correspondingtotal capture time is 244.54 days, with t; =47.40
days and fyirs = 197.14 days. The optimal patch point between the
numerically integrated trajectory and the inward spiral curve fit is at
radius 7 (;) = 44.03 Earth radii with velocity v(#;) = 1.2130 km/s,
flight-path angle y (f;) = —7.92 deg, and eccentricity e =0.1425.
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Fig. 2 Numerically integrated segment of the optimal Earth-capture
trajectory.
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Figure 2 shows the numerically integrated phase of the capture tra-
jectory (projected onto the equatorial plane) to the patch point. Note
that the spacecraft completes about 1.5 revolutions about the Earth
before reaching the proper conditionsfor the inward spiral. By com-
parison, the inward spiral from the patch point to LEO completes
851 revolutionsaboutthe Earthin 197.14 days. (An auxiliary numer-
ical simulation of the planar spiral was used to ascertain the number
of revolutions.) Figure 3 presents the optimal pitch and yaw steer-
ing programs for the simulated trajectory. The initial pitch angle is
about48 deg (above the horizon), which is required simultaneously
to reduce energy and to increase both perigee and angular momen-
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tum. Furthermore, pitch angle is nearly 180 deg at perigee passage
(for decreasing semimajor axis and eccentricity) and —26 deg at
apogee passage (for decreasing eccentricity). Pitch steering at the
patch point is 178 deg, which is nearly opposite the velocity vec-
tor. Yaw steering for the required 24.8-deg plane change is most
pronounced near apogee.

A more realistic representationof the planarinward spiral trajec-
tory was obtained by considering periods of Earth shadow and null
thrust, which are not accounted for by the Perkins* approximation.
First, the inward spiral from the patch-point state was numerically
simulated using Eqs. (1-3) with antitangentthrust steering until the
radiusreached 6.5 Earth radii. Next, a direct trajectory optimization
program® was used to obtain the minimum-time transfer from the
state at 6.5 Earth radii to the target LEO. This optimization program
utilizes orbital averaging and blended optimal steering laws, and
accounts for Earth-shadow and oblateness effects (see Ref. 6 for
details). The resulting inward spiral time was found to be 228 days,
which is nearly 31 more days than the curve-fit (continuous-thrus?
solution. However, the total propellant load for the full numeri-
cal simulation (with Earth shadow) is 63.1 kg, which is only 1.6%
greater than the propellantmass from the trajectory using the curve-
fit approximation.

Conclusions

A new approach for computing minimum-propellant, Earth-
capture EP trajectories has been presented. The initial phase of
the trajectory (from hyperbolic approach to capture) is numerically
computed using the combined gravity fields of the Earth, sun, and
moon. The solution method eliminates the computational burden
of simulating the hundreds of near-circular revolutions of the in-
ward spiral transfer to LEO by utilizing curve fits of universal low-
thrust solutions. This strategy requires few optimization variables
and readily yields a minimum-propellantsolution. A full numerical
simulation of the inward spiral transfer (with Earth-shadow effects
and J,) exhibitsa very good match with the curve-fit results in terms
of propellantload. Furthermore, the resulting optimal thruststeering
program for the capture phase exhibits a smooth profile with linear
segments, which may simplify implementing an onboard guidance
strategy.
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