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Table 2 Sail lightness ¯ as dependent on
vertical displacement above ecliptic pole, z, and
horizontal displacement from ecliptic pole, ½

z, AU ½; AU ¯

0.2 0.9 0.43
0.5 0.5 0.88
0.7 0.3 0.97

Fig. 2 Four-segment transfer to Earth synchronous 0.5 ££ 0.5 AU, one-
year NKO launched 29 July 2001.

Fig. 3 Control angle history for transfer to Earth synchronous
0.5 ££ 0.5 AU, one-year NKO: – – – , cone angle; and –¢ –¢ , clock angle.

stages of the transfer, the thrust was directed mostly in the opposite
direction to the velocityvector; for the intermediatestage, the thrust
is an almost entirely out-of-plane.

Conclusions
A trajectory optimization tool has been developed which hy-

bridized a GA with SQP. When applied to the dif� cult problem of
preliminarymission planning for high-performancesolar sail trans-
fers to displaced NKOs, it appeared to identify near-optimal tra-
jectories with relative ease. The transfer time penalties (estimated
from transfer time convergence as the number of segments was in-
creased) appear acceptable even for a small number of segments
(four or � ve). A small number of segments reduced the computa-
tional burden imposed by using a GA and would simplify attitude
control in practice.
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Introduction

W ITH the success of Deep Space 1, electric propulsion (EP)
has become a viable propulsionoption for performing inter-

planetary space missions.1 One potential interplanetaryapplication
of EP is for the Earth-return leg of a sample return mission.2 In
this scenario, EP would eventually perform the capture maneuver
from hyperbolic approach to a closed Earth orbit. It appears that
research involvingoptimal EP capture trajectories,especially trans-
fers involvinghundreds of orbital revolutions, is somewhat limited.
Battin3 presented a feasible scheme for performing capture trajec-
tories into a low lunar orbit with a variable low-thrust engine. Re-
cently, Vadali et al.2 demonstrated a Lyapunov feedback control
law for performing a low-thrust capture into a high-altitude Earth
elliptical orbit. In this Note, a new approach for computing optimal
Earth-capture trajectories is presented. This approach joins numer-
ically integrated trajectories with curve � ts of universal low-thrust
solutions to represent ef� ciently and accurately the complete cap-
ture phase.Numerical results are presentedfor minimum-propellant
trajectories.

System Model
The Earth-capture trajectory is governed by the following

dynamic equations:

Pr D v (1)

Pv D ¡¹r
r 3

C aP C aT (2)

Pm D
¡2´P

.gIsp/2
(3)

where r and v are the position and velocity vectors of the spacecraft
in an Earth-centered inertial (ECI) Cartesian frame, ¹ is the Earth
gravitationalconstant, aP is an acceleration vector due to perturba-
tions, and aT is the thrust acceleration vector. Equation (3) de� nes
the mass loss due to the low-thrust engine where m is spacecraft
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mass, P is input power to the EP system, ´ is engine ef� ciency, g is
Earth gravitational acceleration, and Isp is speci� c impulse. Pertur-
bation vectoraP in Eq. (2) accounts for Earth oblateness(J2/ effects
and lunar and solar gravitational acceleration. Thrust acceleration
aT in the ECI frame is calculated by transforming the thrust ac-
celeration components in a local-vertical/local-horizontal (LVLH)
frame:

OaT D 2´P

mgIsp
[sin ® cos ¯ cos ® cos¯ sin ¯]T (4)

Thrust directionin theLVLH frame is de� ned by the pitch® and yaw
¯ angles. Pitch is measured from the local horizon to the projection
of the thrust vector onto the orbit plane, and yaw is measured from
the orbit plane to the thrust vector.

The initial phase of the Earth-capture trajectory is computed
through direct numerical integration of Eqs. (1–3) with a � xed-
step, fourth-order Runge–Kutta method. However, the latter phase
of the capture will involve hundreds of orbital revolutions before
the spacecraft spirals down to the desired low-Earth-target orbit.
Utilizing curve � ts of low-thrust solutions eliminates the signif-
icant computational burden of computing the latter spiral stage.
Perkins4 developed universal solutions for low-thrust planar spi-
ral transfers with a constant, continuous thrust force aligned with
the velocity vector, that is, tangent steering. De� ning the cen-
tral body gravitational parameter, initial circular orbit radius, and
thrust-to-weight ratio scales these dimensionless universal solu-
tions. Perkins’s solutions for dimensionless velocity magnitude V ,
� ight-path angle ° , and dimensionless time parameter T are pre-
sented in Fig. 1 with dimensionless radial distance R as the in-
dependent variable. Following Perkins,4 the dimensionless radius
R is

R D .rspiral=rc/ f
1
2 (5)

where rspiral is the radial distance on the unwinding spiral, rc is the
initial circular radius, and f is the thrust-to-weight ratio. Dimen-
sional values of velocity magnitude and spiral time to the point on
the unwinding (or, inward winding) spiral can be computed from
the interpolated values of V and T (which are obtained from curve
� tting Fig. 1):

vspiral D V vc f
1
4 (6)

tspiral D
¡
T C f ¡ 1

4 ¡ 0:809
¢
.rc=vc/ f ¡ 3

4 (7)

Dimensionlesstime parameter,T D tspiral ¡ tescape , is the time beyond
local escape conditions.The dashed vertical line in Fig. 1 indicates
the universal values of dimensionless radius R, velocity V , and
� ight-path angle ° for escape conditions, that is, T D 0. Flight-path
angle on the spiral °spiral is obtained by simply curve � tting the data
in Fig. 1 with R as the independentvariable. If an inward (capture)
spiral trajectory is desired, then the � ight-path angle from the curve
� t is set as a negative value.

Fig. 1 Universal low-thrust trajectory parameters using Perkins’s4

approximation.

Trajectory Optimization
The optimal control problem for the Earth-capture maneuver is

stated as follows: Obtain the optimal pitch and yaw steering angles
®*(t/ and ¯*(t/, for 0 · t · t1, and the simulation end time t1, that
minimize the performance index

J D 2´P

.gIsp/2
.t1 C tspiral/ (8)

subject to Eqs. (1–3), with initial conditions

r.0/ D r0; v.0/ D v0; m.0/ D m0 (9)

and the constraints

v.t1/ ¡ vspiral D 0 (10)

° .t1/ ¡ °spiral D 0 (11)

i.t1/ ¡ iLEO D 0 (12)

The goal is to minimize the total propellant mass required for the
low-thrust transfer to the desired low Earth orbit (LEO). Inward spi-
ral time tspiral is computed using Eq. (7), once T is obtained from
curve � tting Fig. 1 with R determined by Eq. (5) and rspiral D r.t1/.
Constraints (10) and (11) enforce a match between the end of the
simulated trajectory and curve � ts of the inward-spiral velocity
[Eq. (6)] and � ight-path angle, respectively. Constraint (12) re-
quires that the orbital inclination i.t1/ at the end of the numeri-
cally simulated capture match the desired inclination of the LEO
(recall that Perkins’s4 universal solutions are for planar transfers
only).

Numerical solutions of the minimum-propellantproblem are ob-
tainedby using a direct trajectoryoptimizationmethod.The optimal
control problem is replaced by a nonlinear programming problem,
which is solved by using sequential quadratic programming (SQP),
a constrained parameter optimization method. The SQP code used
here is NPSOL,which uses � nite differences to compute gradient
information.5 Time historiesof pitch and yaw angles are parameter-
ized by linear interpolation through a set of discrete nodes equally
spaced along the time axis, 0 · t · t1 . Therefore, the pitch and yaw
controlnodesand end time t1 are theNPSOL optimizationvariables.
Three NPSOL equality constraints enforce trajectory constraints
(10–12).

Results
The initial conditionfor the Earth-capturetrajectoryis taken from

the latter stageof a minimum-propellantMars–Earth transfer,which
could be the return phase of a low-thrust sample return mission. Ini-
tial Earth-relative r and v vectors (for the Earth capture problem)
are determinedby subtractingthe Earth’s positionand velocity vec-
tors from the spacecraft’s heliocentric position and velocity vectors
near the end of the Mars–Earth trajectory.The initial Earth-relative
state is r0 D [¡1:9376.105/ ¡9:6272.105/ ¡1:0861.106/]T km
and v0 D [0:1924 0:6384 0:6866]T km/s, respectively, that place
the spacecraft beyond the � ctitious sphere of in� uence. Calendar
date for this initialconditionis 18August2014,and the initialorbital
eccentricity and inclination are e D 1:0123 and i D 53.28 deg, with
respect to the Earth. Initial � ight-path angle is °0 D ¡85:79 deg,
for a nearly radial descent trajectory. Initial spacecraft mass is
m0 D 315 kg. A 500-km altitude circular LEO with 28.5-deg in-
clination is the desired target orbit. The constant spacecraft system
parameters are P D 3 kW, ´ D 0.68, and Isp D 3800 s, which repre-
sent the current level of solar EP technology.

The optimal capture is obtained with NPSOL with a total of 33
optimizationvariables:21 discrete control nodes for the pitch steer-
ing program, 11 nodes for yaw, and 1 optimization variable for
simulation end time t1. Minimum propellant mass is 62.1 kg, and
the correspondingtotal capture time is 244.54 days, with t1 D 47.40
days and tspiral D 197.14 days. The optimal patch point between the
numerically integrated trajectoryand the inward spiral curve � t is at
radius r.t1/ D 44:03 Earth radii with velocity v.t1/ D 1:2130 km/s,
� ight-path angle ° .t1/ D ¡7:92 deg, and eccentricity e D 0:1425.
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Fig. 2 Numerically integrated segment of the optimal Earth-capture
trajectory.

Fig. 3 Optimal thrust steering angles for the numerically integrated
trajectory.

Figure 2 shows the numerically integrated phase of the capture tra-
jectory (projectedonto the equatorialplane) to the patch point. Note
that the spacecraft completes about 1.5 revolutions about the Earth
before reaching the proper conditionsfor the inward spiral.By com-
parison, the inward spiral from the patch point to LEO completes
851revolutionsabout theEarth in 197.14days. (An auxiliarynumer-
ical simulationof the planar spiral was used to ascertain the number
of revolutions.) Figure 3 presents the optimal pitch and yaw steer-
ing programs for the simulated trajectory. The initial pitch angle is
about 48 deg (above the horizon), which is required simultaneously
to reduce energy and to increase both perigee and angular momen-

tum. Furthermore, pitch angle is nearly 180 deg at perigee passage
(for decreasing semimajor axis and eccentricity) and ¡26 deg at
apogee passage (for decreasing eccentricity). Pitch steering at the
patch point is 178 deg, which is nearly opposite the velocity vec-
tor. Yaw steering for the required 24.8-deg plane change is most
pronounced near apogee.

A more realistic representationof the planar inward spiral trajec-
tory was obtained by considering periods of Earth shadow and null
thrust, which are not accounted for by the Perkins4 approximation.
First, the inward spiral from the patch-point state was numerically
simulated using Eqs. (1–3) with antitangentthrust steering until the
radius reached6.5 Earth radii. Next, a direct trajectory optimization
program6 was used to obtain the minimum-time transfer from the
state at 6.5 Earth radii to the target LEO. This optimizationprogram
utilizes orbital averaging and blended optimal steering laws, and
accounts for Earth-shadow and oblateness effects (see Ref. 6 for
details). The resulting inward spiral time was found to be 228 days,
which is nearly 31 more days than the curve-� t (continuous-thrust)
solution. However, the total propellant load for the full numeri-
cal simulation (with Earth shadow) is 63.1 kg, which is only 1.6%
greater than the propellantmass from the trajectoryusing the curve-
� t approximation.

Conclusions
A new approach for computing minimum-propellant, Earth-

capture EP trajectories has been presented. The initial phase of
the trajectory (from hyperbolic approach to capture) is numerically
computed using the combined gravity � elds of the Earth, sun, and
moon. The solution method eliminates the computational burden
of simulating the hundreds of near-circular revolutions of the in-
ward spiral transfer to LEO by utilizing curve � ts of universal low-
thrust solutions. This strategy requires few optimization variables
and readily yields a minimum-propellantsolution. A full numerical
simulation of the inward spiral transfer (with Earth-shadow effects
and J2/ exhibitsa very goodmatch with the curve-� t results in terms
of propellantload.Furthermore, the resultingoptimal thruststeering
program for the capture phase exhibits a smooth pro� le with linear
segments, which may simplify implementing an onboard guidance
strategy.

References
1Rayman, M.D., Varghese, P., Lehman,D. H., and Livesay,L. L., “Results

from the Deep Space 1 TechnologyValidation Missions,”Acta Astronautica,
Vol. 47, Nos. 2–9, 2000, pp. 475–487.

2Vadali, S. R., Aroonwilairut, K., and Braden, E., “A Hybrid Trajectory
Optimization Technique for the Mars Sample Return Mission,” American
Astronautical Society, Paper AAS 01-466, Aug. 2001.

3Battin, R. H., AstronauticalGuidance, 1st ed., McGraw–Hill, New York,
1964, pp. 344–354.

4Perkins, F. M., “Flight Mechanics of Low-Thrust Spacecraft,” Journal
of the Aerospace Sciences, Vol. 26, No. 5, 1959, pp. 291–297.

5Gill, P. E., Murray, W., Saunders, M. A., and Wright, M. H., “User’s
Guide for NPSOL (Version 4.0): A Fortran Package for Nonlinear Pro-
gramming,” Systems Optimization Lab., Stanford Univ., Stanford, CA, Jan.
1986.

6Kluever, C. A., and Oleson, S. R., “Direct Approach for Computing
Near-Optimal Low-Thrust Earth-Orbit Transfers,” Journal of Spacecraft
and Rockets, Vol. 35, No. 4, 1998, pp. 509–515.


